Abstract. The triple point numbers and the triple point spectrum of a closed 3-manifold were defined in [14] . They are topological invariants that give a measure of the complexity of a 3-manifold using the number of triple points of minimal filling Dehn surfaces. Basic properties of these invariants are presented, and the triple point spectra of S 2 × S 1 and S 3 are computed.
Introduction
Through the whole paper all 3-manifolds and surfaces are assumed to be orientable and closed, that is, compact connected and without boundary, M denotes a 3-manifold and S a surface. All objects are assumed to be in the smooth category: manifolds have a differentiable structure and all maps are assumed to be smooth. By simplicity a genus g surface, g = 0, 1, 2, . . ., is called a g-torus.
Let M be a 3-manifold. A subset Σ ⊂ M is a Dehn surface in M [11] if there exists a surface S and a general position immersion f : S → M such that Σ = f (S). In this situation we say that S is the domain of Σ and that f parametrizes Σ. If S is a 2-sphere, a torus, or a g-torus then Σ is a Dehn sphere, a Dehn torus, or a Dehn g-torus respectively. For a Dehn surface Σ ⊂ M , its singularities are divided into double points, where two sheets of Σ intersect transversely, and triple points, where three sheets of Σ intersect transversely, and they are arranged along double curves (see Section 2 below for definitions and pictures).
A Dehn surface Σ ⊂ M fills M [10] if it defines a cell-decomposition of M in which the 0-skeleton is the set of triple points of Σ, the 1-skeleton is the set of double and triple points of Σ, and the 2-skeleton is Σ itself. Filling Dehn spheres are introduced (following ideas of W. Haken [5] ) in [10] , where it is proved that every closed, orientable 3-manifold has a filling Dehn sphere. In [10] filling Dehn spheres and their Johansson diagrams (cf. Section 2) are proposed as a suitable way for representing all closed orientable 3-manifolds. A weaker version of filling Dehn surfaces are the quasi-filling Dehn surfaces defined in [1] . A quasi-filling Dehn surface in M is a Dehn surface whose complementary set in M is a disjoint union of open 3-balls. In [3] it is proved that every 3-manifold has a quasi-filling Dehn sphere. As it is pointed out in [1] (see also [4] ), filling Dehn surfaces are closely related with cubulations of 3-manifolds: cell decompositions where the building In [13] it is defined the genus g triple point number t g (M ) of M as the number of triple points of a minimal filling g-torus of M , and the triple point spectrum of M as the sequence of numbers
The genus 0 triple point number of M is the Montesinos complexity M [9] . These invariants are related to the surface-complexity of M , defined in [1] as the number of triple points of a quasi-filling Dehn surface of M (perhaps with nonconnected or nonorientable domain).
We want to clarify how much information about M encloses T (M ). Since the original work [13] , nothing is known about the triple point numbers and the triple point spectrum apart from their definitions. In this paper we introduce some properties of T (M ) (Section 3), and we present the two unique known triple point spectra
The proof of (1.1) relies on two previously known examples of minimal filling Dehn surfaces of S 2 × S 1 , together with the inequality (Lemma 3.1)
that arises from a simple surgery operation (the handle piping, see Figure 3 ). This will be detailed in Section 3.
The characterization of the triple point spectrum of S 3 needs more work. The identity (1.2) is proposed in [9] as an open question. Using that t 0 (S 3 ) = 2 [9] , the handle piping provides g filling Dehn g-tori in S 3 with 2 + 2g triple points for all
. .. The harder part is to prove that all these filling Dehn surfaces in S 3 are minimal. To do so, in Section 4 we introduce a presentation of the fundamental group a Dehn g-torus. This is a generalization of a presentation of the fundamental group of Dehn spheres due to W. Haken and detailed in [14] . Using it, in Section 5 we prove:
This theorem completes the proof of (1.2).
Dehn surfaces and their Johansson's diagrams
Let Σ be a Dehn surface in M and consider a parametrization f : S → M of Σ. The singularities of Σ are the points x ∈ Σ such that #f −1 (x) > 1. The singularity set S(Σ) of Σ is the set of singularities of Σ. As f is in general position, the singularities of Σ can be divided into double points (#f −1 (x) = 2), and triple points (#f −1 (x) = 3). Following [12] , we denote by T (Σ) the set of triple points of Σ. The preimage under f in S of the singularity set of Σ, together with the information about how its points become identified by f in Σ is the Johansson diagram D of Σ (see [7, 10] ). We say that two points of S are related if they project onto the same point of Σ.
In the following a curve in S, Σ or M is the image of an immersion (a parametrization of the curve) from S 1 or R into S, Σ or M , respectively. A path in S, Σ or M is a map η from the interval [0, 1] into S, Σ or M , respectively. We say that η joins η(0) with η(1), or that η starts at η(0) and ends at η(1), and if η(0) = η(1) we say that η is a loop. A double curve of Σ is a curve in M contained in S(Σ).
Because S is closed, double curves are closed and there is a finite number of them. The number of triple points is also finite. Because S and M are orientable, the preimage under f of a double curve of Σ is the union of two different closed curves in S, and we will say that these two curves are sister curves of D. Thus, the Johansson diagram of Σ is composed by an even number of different closed curves in S, and we will identify D with the set of different curves that compose it. Figure 1) . In Section 4 we will consider paths contained in curves of D or in double curves. In this special case, we will consider that paths are also immersed, and therefore they continue "straight ahead" when they arrive to a crossing. If we are given an abstract diagram, i.e., an even collection of curves in S coherently identified in pairs, it is possible to know if this abstract diagram is realizable: if it is actually the Johansson diagram of a Dehn surface in a 3-manifold (see [7, 8, 14] ). It is also possible to know if the abstract diagram is filling: if it is the Johansson diagram of a filling Dehn surface of a 3-manifold (see [14] ). If Σ fills M , it is possible to build M out of the Johansson diagram of Σ. Thus, filling Johansson diagrams represent all closed, orientable 3-manifolds. It must be noted that when a diagram (D, τ ) in S is not realizable, the quotient space of S under the equivalence relation defined by the diagram is something very close to a Dehn surface: it is a 2-dimensional complex with simple, double and triple points, but it cannot be embedded in any 3-manifold. We reserve the name pseudo Dehn surface for these objects. Many constructions about Dehn surfaces, as the presentation of their fundamental group given in Section 4, for example, are also valid for pseudo Dehn surfaces.
The triple point spectrum
In order to understand the structure of the sequence T (M ), we need to relate the different triple point numbers of M . For a shorter notation we will omit the word "filling" in the expression "minimal filling Dehn surface". If we are given a filling Dehn g-torus Σ g of M with q triple points, we can always obtain a filling Dehn (g + 1)-torus Σ g+1 of M with q + 2 triple points by applying to Σ g the handle 
This lemma suggests the following definitions.
Definition 3.2.
A minimal Dehn g-torus of M is exceptional if it has less than t g−1 (M ) + 2 triple points.
It is clear that if H (M ) is finite, the equality in (3.1) holds for all g ≥ H (M ).
An important result for filling Dehn surfaces which is of great interest here is the following. Remark 3.6. After a handle piping on a filling Dehn g-torus the number of regions remains unchanged. More generally, if Σ g is a filling Dehn g-torus of M with q triple points and Σ g+1 is a filling Dehn (g + 1)-torus of M with q + 2 triple points, the number of regions of Σ g and Σ g+1 is the same.
Remark 3.7. Exceptional Dehn g-tori reduce the number of regions, that is, an exceptional Dehn g-torus in M has less regions than any minimal Dehn g -torus in M with g < g.
As the number of regions is bounded from below, by Remark 3.7 there cannot be exceptional Dehn g-tori in M with arbitrarily high genus. Therefore, On the other hand, a Dehn sphere in any 3-manifold has an even number of triple points [5] , and therefore the filling Dehn sphere of Figure 2 is minimal. It turns out that H (S 2 × S 1 ) = 1 and
The fundamental group of a Dehn g-torus
In this section the manifold M containing Σ is no longer needed. Although we still talk about "Dehn surfaces", the construction only makes use of the Johansson diagram D, so it is valid for pseudo Dehn surfaces.
Let f : S → M be a Dehn surface in M and denote by D its Johansson diagram. Fix a simple point x / ∈ D as the base point of the fundamental group π 1 (Σ) of Σ. We identify x with its preimage under f .
A path in Σ is surfacewise if it is a path on S mapped to Σ through f . We denote by π S = f * π 1 (S) the subgroup of π 1 (Σ) generated by the sufacewise loops based at x. In general we will use the same notation for a surfacewise path in Σ and its preimage path in S.
Let α, τ α be two sister curves of D, and take two paths λ α , λ τ α in S, starting from x and arriving to related points on α, τ α, respectively (see Figure 4) . Proof. Consider a loop σ in Σ based at x. Up to homotopy, we can assume that all the intersections of σ with the singular set of Σ are of "crossing type" or of "corner type" as in Figure 5 (a) and 5(b) respectively. Therefore, σ can be written as a product σ = b 1 b 2 · · · b k of surfacewise paths ( Figure 6 ). If k = 1 or 2, either σ is surfacewise or it is dual to a curve of D, and so there is nothing to prove.
In other case, for each i = 2, . . . , k − 1 we choose a midpoint x i of b i and a path c i joining x with x i (Figure 6 ). We write b i = b We know that π S is finitely generated because so is π 1 (S). The following lemma allows us to find a finite set of generators for π 1 (Σ).
Lemma 4.3. If a, a are loops on Σ dual to α ∈ D, they are surfacewise conjugate, that is, there are two surfacewise loops s, t based at x such that a = sa t.
τ α , where λ α , λ τ α , µ α , µ τ α are surfacewise paths as in Definition 4.1. Let x α , x τ α , x α , x τ α be the endpoints of λ α , λ τ α , µ α , µ τ α in D, respectively ( Figure 7 ). Let d be one path in S contained in α joining x α with x α , and let τ d be the sister path of d inside τ α joining x τ α with x τ α . In Σ the paths d 
τ α are surfacewise loops in Σ based at x. From now on, we will fix a set of generators s 1 , s 2 , . . . , s 2g of π S , and we will also fix a set of preferred dual loops to the curves of D as follows. For each diagram curve α ∈ D we choose a basepoint x α and a joining arc λ α from x to x α , such that the basepoints of sister curves are related (see Figure 4) . The preferred dual loop of α ∈ D is a = λ α λ In order to obtain a presentation of π 1 (Σ), we need to establish a set of relators associated to the generators of Theorem 4.4. These relators will be a natural extension of Haken's relators for Dehn spheres (see also [9, 14] ). (R1) Dual loop relations. By construction, if α, τ α are two sister curves of D, their dual loops a, τ a verify τ a = a −1 . (R2) Triple point relations. The idea behind this relation is that any small circuit around a triple point as that of Figure 8 is homotopically trivial. Assume that all the curves of D are oriented, with sister curves coherently oriented. Let P be a triple point of Σ and let P 1 , P 2 , P 3 be the three crossings of D in the triplet of P . Label the curves of D intersecting at these crossings as in Figure 9 . Consider three paths ω 1 , ω 2 , ω 3 joining x with P 1 , P 2 , P 3 respectively. At P 1 , consider the path d α contained in α that travels from P 1 along the branch labelled α in the positive sense until it reaches the basepoint x α of α. Consider also the similarly defined paths d β , d γ contained in β, γ and joining P 2 , P 3 with x β , x γ respectively, and the sister paths
γ respectively, that join P 2 , P 3 , P 1 with x τ α , x τ β , x τ γ along τ α, τ β, τ γ, respectively. If we introduce the loops
we get the triple point relation around P : τ γ = 1 . Note that the loops t α , t τ α , t β , t τ β , t γ and t τ γ are surfacewise elements of Σ and so they can be expressed as words in s 1 , s 2 , . . . , s 2g . (R3) Double curve relations. In [9, 13] this relators did not appear because in S 2 all loops are homotopically trivial, while in a g-torus this is not true. Let α, τ α be a pair of sister curves of D. We orient both curves coherently starting from their basepoints x α , x τ α . The loops λ α αλ (R4) Surface relations. Those are the relations that the surfacewise generators s 1 , s 2 , . . . , s 2g verify when considered as elements of π 1 (S). Any relation among those specified above define an associated dual loop relator, triple point relator, double curve relator or surface relator in the natural way. We need to introduce some notation and a previous result before being able to give the proof of this theorem. If we consider the generators of π(D) as elements of π 1 (Σ), we are defining implicitly a homomorphism ε : π(D) → π 1 (Σ) which is surjective by Theorem 4.4. To prove that ε is also injective we will prove first that π(D) behaves exactly as π 1 (Σ) when dealing with covering spaces: the covering spaces of Σ are completely characterized by representations of π(D) on a permutation group. For m ∈ N we denote by Ω m the group of permutations of the finite set {1, 2, . . . , m}, and we denote by Ω ∞ the group of permutations of the countable set N. 
The map ρ S = ρ • ζ is a representation of pi 1 (S), it is the monodromy homomorphism of a m-sheeted covering map h :Ŝ → S.
Let x 1 , x 2 , . . . be the different points ofŜ on the fiber of h over x, labelled in such way that for any s ∈ π 1 (S) the lift of s starting in x i has its end in x j , where j = ρ S (s)(i).
If we lift the diagram D toŜ, we obtain another diagramD inŜ. We will define a "sistering"τ :D →D between the curves ofD, with the expected compatibility with τ . For any curve α ∈ D, we call λ 1 as the real numbers modulo 2π, we can take parametrizations α, τ α : R → S of the curves α, τ α respectively such that α(0) = x α , τ α(0) = x τ α and such that α(t) is related by τ with τ α(t) for all t ∈ R. Taking lifts α i , τ α j : R →Ŝ of these parametrizations with α i (0) = x i α , τ α j (0) = x j τ α we state that α i (t) is related bŷ τ with τ α j (t) for all t ∈ R. We want to prove that (D,τ ) is an abstract Johansson diagram onŜ. Proof of Claim 3. Let P be a triple point of Σ, and let P 1 , P 2 , P 3 be the three crossings of D in the triplet of P . We label the curves of D intersecting at P 1 , P 2 , P 3 as in Figure 9 , and we consider the paths
as in the construction of the triple point relations (Figure 9 ).
For each n = 1, 2, 3 and i = 1, 2, . . ., let ω i n be the lift of ω n starting at x i , and let P Relations AR1 allow us to select k generators a 1 , a 2 , . . . , a k from the set of preferred dual loops, dropping k of them. Finally, Theorem 4.7. The abelian group H 1 (Σ) is isomorphic to s 2g , a 1 , a 2 , . . . , a k | AR2 and AR3 relations .
Remark 4.8. If Σ is filling, it is the 2-skeleton of M as a CW-complex, so π 1 (Σ) = π 1 (M ) . Hence H 1 (Σ) = H 1 (M ), which is isomorphic to the second homology group due to Poincaré duality. In this way, Theorem 4.7 characterizes completely the homology of the closed orientable manifold M .
Checkerboards and homology spheres
Consider a closed orientable 3-manifold M and a Dehn surface S → Σ ⊂ M . We say M is checkered by Σ if we can assign a color from {0, 1} to each region of Σ such that if two of them share a face they have different colors. In the same way, S is checkered by the Johansson diagram D of Σ if we can assign a color from {0, 1} to each face of S − D such that if two of them share an edge they have different colors. Checkerboards are a usual tool in knot theory (see [2] , for example). Each path γ in M meeting Σ transversely on the faces has an associated path c γ in G Σ that encodes the sequence of "crossings" of γ between different regions of Σ across the faces of Σ. The number of points of γ ∩ Σ is just the number of edges of c γ , and if γ is closed, c γ is closed too.
As a graph is 2-colorable if and only if it is bipartite, the statement of the lemma is equivalent to: G Σ is bipartite if and only if all loops have an even number of edges, which is trivially true. Proposition 5.2. A Z/2-homology 3-sphere is checkered by any Dehn surface.
Proof. Let M be a Z/2-homology 3-sphere and let Σ be a Dehn surface in M . Let γ be a loop in M intersecting Σ transversely at the faces. Both γ and Σ are Z/2-nullhomologous. Therefore the set of intersection points of γ and Σ must be a Z/2-nulhomologous 0-cycle, and then, the number of intersection points should be even. Lemma 5.1 completes the proof.
If the surface S is orientable, we can fix a well defined normal field on Σ in M . We assign to each face of Σ the color of the region pointed by the normal vector field on the face. The faces of S sharing an edge cannot share also the color, as the corresponding regions share a face (see Figure 11) . Therefore: Theorem 5.5. Let Σ be a filling Dehn g-torus of M . If M is checkered by Σ, the number of triple points of Σ is greater than or equal to 2g.
All these results allows us to give a sharper lower bound for the triple point numbers of Z/2-homology 3-spheres. Proof. By Theorem 5.5 it is enough to show that the number of triple points cannot be 2g. Let Σ be a Dehn g-torus in M with exactly 2g triple points. Let S be the domain of Σ.
Let us compute the first homology group of Σ with coefficients in Z/2. By Theorem 4.7 this abelian group is generated by s 1 , s 2 , . . . , s 2g , the curves generating H 1 (S), and the preferred dual loops a 1 , a 2 , . . . , a k extracted from the k double curves of Σ. The relations come from the 2g AR2 relations and the k AR3 relations by just taking coefficients in Z/2. With this presentation H 1 (Σ; Z/2) has the same number of generators as of relators.
Consider only the k AR3 relators. If α and τ α are sister curves, as they are surfacewise curves they can be written (up to homology, see ( 
Rows in this tableau represents double curves relators. Using intersection theory, it can be seen that columns count intersection between the surfacewise generators and diagram curves. By Proposition 5.2 and Lemma 5.3 the surface S is checkered by D, so the intersection number of each curve s i with the diagram should be even. This implies that the sum of each column is 0 (mod 2). In other words, one of the AR3 relators can be written as a linear combination of the rest. Therefore, the group H 1 (Σ; Z/2) has 2g + k generators and at most 2g + k − 1 nontrivial relations, and it cannot be trivial. By Remark 4.8 this implies that Σ cannot fill the Z/2-homology 3-sphere M .
It is well known that t 0 (S 3 ) = 2 (see [9, 14] ). From Lemma 3.1 and Theorem 5.6, S 3 cannot have exceptional Dehn g-tori, therefore H (S 3 ) = 0 and finally Corollary 5.7. T (S 3 ) = (2, 4, 6, . . .).
